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Abstract
This paper investigates finite-element modeling of a vertically damped free-standing rocking col-
umn. The paper first derives the nonlinear equation of motion for the coupled system and then
compares the analytical solution with finite-element model. Finite-element model is being pro-
duced using open source framework named OpenSees. The rocking surface is modeled using
zero-length fiber cross-section element and the dampers are modeled with two node link elements.
In order to simulate energy dissipation during the rocking motion Hilber-Hughes-Taylor numerical
dissipative time step integration is being adopted. The paper also compares two types of hysteretic
and viscous damping devices and it shows that the viscous damping behavior is favorable when it
is used along with a rocking block. The results of analytical model of a rigid block with viscous
dampers in MATLAB is then compared with OpenSees model and the paper concludes that the
finite-element model compares satisfactory with the analytical model.
Keywords: rocking column, finite element modeling, OpenSees, earthquake response
1. Introduction
Early study of seismic response of free-standing blocks has been presented in works of Milne in
1885 [1]. Milne’s work was a static analysis of rocking objects and he concluded that if the ground
acceleration exceeds g · width
height
, the rocking column will overturn. More than 40 years after Milne’s
work, Kirkpatrick [2], Ikegami and Kishinouye [3, 4] and Muto et al. [5] published remarkable
works on seismic response of rocking columns. Kirkpatrick’s work [2] introduced effects of two
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important quantities of column size and the period of the excitation to be considered in the analysis
of the rocking objects. In 1963, Housner [6] showed that tall, slender, free-standing columns, while
they can easily uplift even when subjected to a moderate ground acceleration (uplift initiates when
u¨g > g × (base/height)); they exhibit remarkable seismic stability because of a size-frequency
scale effect. His work shows that there is a safety margin between uplifting, overturning and that
as the size of the free-standing column increases or the frequency of the excitation pulse increases,
this safety margin increases appreciably to the extent that large free-standing columns enjoy ample
seismic stability. Zhang and Makris [7] and Makris and Konstantinidis [8] studied the response of
rocking blocks under pulse-like records. Zhang and Makris [7] showed that there are two modes
of overturning for rocking objects, the first one is by exhibiting one or more impacts; and the
second mode is without exhibiting any impact. This work concludes that because of the nonlinear
nature of the problem, in association with the presence of the safe region, complicates the task of
estimating the peak ground acceleration by only examining the geometry of freestanding objects
that either overturned or survived a ground shaking.
In the late 1960s in New Zealand the concept of allowing a tall, slender structure to uplift and rock
was first implemented with the design of South Rangitikei Rail Bridge [9–12]. The 72 m tall bridge
piers are designed to uplift and rock around their pivoting points [13, 14]. The rocking response of
each pier is damped with a pair of torsionally yielding steel-beam dampers [15].
Following Housner (1963), number of publications studied the rocking response of free-standing
blocks and columns [16–20] and recently the dynamics of rocking objects has received increasing
attention [21–39].
Vassiliou et al. [40, 41] studied the finite element model of the solitary rocking blocks and frames.
In their study, to define the rocking surface, they assigned a fiber element with zero-length and
a material with a relatively high (almost rigid) modulus of elasticity in compression but no ten-
sion strength (similar approach is also adopted in this study). Dimitrakopoulos and DeJong [24]
and Makris and Aghagholizadeh [38] studied dynamics of a rocking column when equipped with
dampers. This studies, investigate the analytical model of the rocking block-damper.
Considering the growing interest for response modification using rocking isolation, the main objec-
tive of this study is to help researchers and professional engineers to be able to model the rocking
columns, bridge piers or walls when they are equipped with dampers, using the currently available
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tools. It is worth mentioning that this paper studies dynamics of a rigid rocking blocks, therefore,
effects of column flexibility needs further investigation. This study first derives nonlinear equation
of motion for a rocking column with viscous dampers. Then comparison of force-displacement
relation of hysteretic dampers with viscous dampers are discussed and viscous damping is adopted
for the analysis. Lastly, a numerical model using OpenSees framework is developed to calculated
in-plane response of the system. Response of the finite-element model under different ground
motions is compared with the analytical solutions from MATLAB.
2. Geometric Parameters of a Rocking Column with Vertical Dampers
Figure (1) shows geometric properties and parameters of a solitary rigid-rocking-column when
it is coupled with vertical dampers. Considering the geometry of the problem, this study investi-
gates the dynamic response of a the rocking column with width 2b, height 2h, size R =
√
b2 + h2,
slenderness, tanα = b/h, mass m, and moment of inertia about the pivoting (stepping) points O
and O′, I = 4
3
mR2. Vertical energy dissipation devices are mounted to the rocking column at a
distance, d, from the pivoting points of the column as shown in Figure (1). The upward displace-
ment of the damper located across from the pivoting point, and the downward displacement; v2 of
the damper located at the same side as the pivoting corner of the column are
v1 = S1
[
sin(φ1 ± θ)− sinφ1
]
(1)
v2 = S2
[
sinφ2 − sin(φ2 ∓ θ)
]
(2)
where S1 =
√
(2b+ d)2 + l2, S2 =
√
d2 + l2, sinφ1 = l/S1 and sinφ2 = l/S2.
In all equations provided in this study, when the double sign (e.g. ±) is used, the top sign is for
θ > 0 and the bottom sign is for θ < 0.
The elongation of the damper located across from the pivoting point is e1 and the contraction of
the damper at the pivoting point side is e2, these parameters are calculated as follows:
e1(t) = S1
[√
1 + cos2ϕ1 − 2 cosϕ1 cos(ϕ1 ± θ)− sinϕ1
]
(3)
3
Figure 1: Geometric properties of a rocking column with additional energy dissipators.
e2(t) = S2
[
sinϕ2 −
√
1 + cos2ϕ2 − 2 cosϕ2 cos(ϕ2 ∓ θ)
]
(4)
and the time derivatives of the equations (3) and (4) are:
e˙1(t) =
S1 cosϕ1 θ˙ sin(ϕ1 ± θ)√
1 + cos2ϕ1 − 2 cosϕ1 cos(ϕ1 ± θ)
(5)
e˙2(t) =
S2 cosϕ2θ˙ sin(ϕ2 ∓ θ)√
1 + cos2ϕ2 − 2 cosϕ2 cos(ϕ2 ∓ θ)
(6)
3. Equation of Motion of a Rigid Rocking-Column with Dampers
In order to find governing equation of motion for the coupled system, the responses are calcu-
lated for two cases of positive θ(t) > 0 and negative θ < 0 rotation.
For positive rotations (θ > 0), dynamic equilibrium of the rocking column with mass, m, equipped
with vertical dampers installed on each of its sides as shown in Figure (1) gives (in all following
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equations subscript 1 refers to the damper across the pivoting point and 2 refers to damper next to
the pivoting point.)
Iθ¨ = −mgR sin(α− θ)−mu¨gR cos(α− θ)− Fd1r1 − Fd2r2 (7)
in which Fd1and Fd2 are the damping forces from the dampers and r1 and r2 are the respective
moment arms of the damping forces about the pivoting points
r1 = S1 cosϕ1
sin(ϕ1 + θ)√
1 + cos2ϕ1 − 2 cosϕ1 cos(ϕ1 + θ)
(8)
and
r2 = S2 cosϕ2
sin(ϕ2 − θ)√
1 + cos2ϕ2 − 2 cosϕ2 cos(ϕ2 − θ)
(9)
Hence, the equation of motion can be written as:
θ¨ = −p2
[
sin(α− θ) + u¨g
g
cos(α− θ) + Fd1
mg
r1
R
+
Fd2
mg
r2
R
]
(10)
in which, p =
√
mgR/I , is the frequency parameter of the column and for a rectangular column
I = 4/3mR2, which leads to p =
√
3g/4R [42, 43].
For negative rotation (θ < 0), one can follow the same reasoning and the equation of motion is
θ¨ = −p2
[
− sin(α + θ) + u¨g
g
cos(α + θ) +
Fd1
mg
r1
R
+
Fd2
mg
r2
R
]
(11)
and equations(10) and (11) can be expressed in the compact form using signum function, sgn(θ):
θ¨ = −p2
{
sin(αsgnθ − θ) + u¨g
g
cos(αsgnθ − θ) + Fd1
mg
r1
R
+
Fd2
mg
r2
R
}
(12)
During the oscillatory rocking motion of a free-standing rigid column (no dampers) energy is lost
only during impact, when the angle of rotation reverses. When the angle of rotation reverses,
it is assumed that the rotation continues smoothly from points O2 to O1 (Figure 1) and that the
impact force is concentrated at the new pivot point O1. With this idealization, the impact force
applies no moment aboutO1; hence, the angular momentum is conserved. Conservation of angular
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momentum about point O1 just before the impact and right after the impact gives that the angular
velocity after the impact=θ˙a is only η times the angular velocity before the impact=θ˙b; where η
depends solely on geometry
η =
θ˙a
θ˙b
= 1− 3
2
sin2α (13)
The restitution factor calculated by equation (13) is only the minimum energy dissipation required
during impact for a column with slenderness α to engage in rocking motion (not to jump) [42]. For
the case of slender rocking blocks, because of inelastic behavior at the impact, the true value of
coefficient of restitution will be less than the one computed by the equation. In the recent research,
Kalliontzis et al. [26] introduced an improved coefficient of restitution estimation that can predict
this value more accurately. In this study, the analysis is based on the equation (13).
4. Viscous Dampers
In a rocking rigid block, during the oscillatory motion, one source of the energy dissipation
is the energy that is lost during the impact when the angle of rotation reverses [42]. In order to
increase energy dissipation of a rocking block during seismic excitation, different types of damp-
ing systems can be added to the rocking column [22, 24, 44–47], this study implements viscous
dampers.
Figure 2 shows comparison of force-displacement relationship of a viscous damper when compared
with a hysteretic damper. When a viscous damper is used at the corner of a rocking block, at the
maximum displacement, the rocking block has zero velocity; therefore, the damper has zero force
(point A in the figure 2 (left)). When the rocking object is returning to its pivoting point (from
point A to B in the figure 2 (left)), the viscous damper has a negative force which will create an
opposite moment compared to the moment created by the rocking block’s self-weight (equation
12). However, when a rocking block is equipped with a hysteretic damper, when the rocking
object is returning from its maximum displacement, the damper first have a positive force (from
A to C in the figure 2 (right)) and then it starts creating a negative force (from C to B in the
figure 2 (right)). This phenomenon can create a harder impact and in some cases can increase
the response of damped rocking block compared to undamped one. Because of the mentioned
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Figure 2: Force-Displacement relation comparison of a viscous damper (left) with a hysteretic damper (right).
difference between the force-displacement behaviors of these two types of damping system, the
viscous damper is used in this study.
The dissipation devices attached to the rocking column (Figure 1) can be either linear or nonlin-
ear fluid dampers [48–51]. For the general case of viscous dampers, the constitutive law of the
nonlinear viscous damper is [48, 50]:
Fd = Cq |e˙(t)|qsgn [e˙(t)] (14)
where 0 < q < 1 is the exponent of the damper,Cq is the damping constant with units: [m][L](1−q)[T ](q−2),
and sgn[ ] is the signum function. When q = 1, equation (14) reduces to a linear viscous law:
Fd = c1e˙(t).
5. Dynamics of a Solitary Column with Supplemental Linear Viscous Dampers at Pivoting
Points
For the special case, when zero-length (l = φ1 = φ2 = 0) linear viscous dampers are used at
the pivoting points (d = 0, S1 = 2b, S2 = 0) therefore equations (3) and (8) simplify to
e1 = 2
√
2b
√
1− cos θ and r1 =
√
2
b sin θ√
1− cos θ (15)
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while the time derivative of the stroke is given by
e˙1(t) =
√
2 bθ˙
√
1 + cos θ (16)
which for small rotations simplifies to e˙1(t) = 2bθ˙. The full nonlinear equation of the stepping
pier with zero-length viscous (linear or nonlinear) dampers at its pivoting points is
θ¨ = −p2
{
sin(α− θ) + u¨g
g
cos(α− θ) +
√
2 sinα
mg
√
1 + cos θ Cq
∣∣∣√2 bθ˙√1 + cos θ∣∣∣qsgn[θ˙]}
(17)
and for the case of zero-length linear (q = 1) viscous damper, equation (17) becomes
θ¨ = −p2
{
sin(α− θ) + u¨g
g
cos(α− θ) + 3C1 sin
2 α
2mp2
(1 + cos θ)θ˙
}
(18)
which confirms with equation presented in [24, 38].
6. Finite Element Model for Rocking Column with Supplemental Viscous Dampers
6.1. Rocking Surface Model
There are two common approaches in order to model rocking column [40, 41] in OpenSees
[52–54]. One is defining the rocking surface as a rotational spring [40] and the other is defining a
surface between bottom of the column and the ground using a zero-length element with an Elastic-
No-Tension (ENT) material [41]. In this study, the latter is used. The advantage of zero-length
element compared to rotational spring model is that the zero-length element captures vertical dis-
placements of a point on a rocking block accurately, which is required when using vertical tendons
or dampers. This is because the damping force or the force in a restraining tendon is a function of
the tendon elongation or the relative velocity in a damper. In a rotational spring model, the verti-
cal displacement is not calculated correctly. Figure (3) shows comparison of a point on a rocking
block in a zero-length fiber element compared with the rotational spring model.
To model the rocking surface in OpenSees, zero-length fiber section element is placed between the
bottom of the column and the ground surface. The cross-section of the zero-length rocking surface
is defined, using of a fiber section with nonlinear, elastic-no-tension (ENT) material.
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Figure 3: Comparison of the vertical displacement of a point for the zero-length fiber element at the rocking surface
(left) with the spring model for the rocking surface (right).
In order to consider energy dissipation of the rocking motion during the impact, similar to [41],
dissipative time-stepping integration procedure of Hilber-Hughes-Taylor [55] (HHT) is being used.
HHT damping effect is function of dissipation factor a′d and the time of the integration. For this
study the HHT time step is selected as 10−4s and dissipation factor a′d is selected as −1/3 [41].
The column is defined as an elastic beam column element with relatively large modulus of elasticity
to represent a rigid rocking column (E=1011 kPa).
6.2. Undamped Model
Figure (5) plots solution comparison of analytical model using equation (18) in MATLAB [56]
with OpenSees analysis of an undamped solitary rocking column when subjected to El Centro
ground motion recorded during the 1940 Imperial Valley, California (left) and CO2/064 ground
Table 1: Dimensions and Material Properties for The Numerical Model
Parameter Value
Width 2 m
Height 12 m
tan(α) 1/6
Modulus of Elasticity of the Rigid Column, E 1011 kPa
Modulus of Elasticity of the Fiber for Rocking Surface (ENT), Es 30× 109 kPa
Viscous Damping Constant, C 3461.5 Mg/sec
HHT time step 10−4s
Dissipation factor a′d −1/3
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Figure 4: Schematic for Finite element model of a rocking column.
motion recorded during the 1966 Parkfield, California (right) earthquakes. The column has height
of 12m and width of 2mwith slenderness tanα = 1/6. The top plots are comparison of the column
normalized rotation with respect to its slenderness (θ(t)/α) in which it can be seen that the finite
element model represents the rocking motion perfectly. The plots in the middle are comparison
of top node vertical displacement from MATLAB and OpenSees. This comparison verifies the
accuracy of the finite-element model in terms of column rotation, vertical displacement and energy
dissipation of the impact.
Figure (6) plots similar analysis with Figure (5) this time when column is subjected to Newhall/360
ground motion recorded during the 1994 Northridge, California (left) and Takarazuka/000 ground
motion recorded during the 1995 Kobe, Japan (right) earthquakes. This figure is also confirms the
accuracy of the finite element model compared to analytically acquired results.
In order to further examine the accuracy of the finite element model for the aforementioned un-
damped rocking column the model is also subjected to smooth mathematical pulses that can ap-
proximate the coherent, distinguishable pulses of recorded strong ground motions. Such mathe-
matical acceleration pulses can be either simple rectangular pulses [57, 58], trigonometrix pulses
[59–61] or more sophisticated wavelet functions [62, 63].
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In this study symmetric Ricker wavelet function (which is the second derivative of the Gaussian
function, e−t2/2) and antisymmetric Ricker wavelet function (which is the third derivative of the
Gaussian function) is used to simulate pulse-like records [64, 65].
ψ(t) = ap
(
1− 2pi
2t2
T 2p
)
e
− 1
2
2pi2t2
T2p (19)
Equation (19) is the function for symmetric Ricker wavelet. The value of Tp = 2piωp = pi
√
2s is the
period that maximizes the Fourier spectrum of the symmetric Ricker wavelet; whereas, the time
Figure 5: Time history response comparison of an undamped rocking column modeled in MATLAB with OpenSees.
The last row plots are time history records of El Centro ground motion recorded during the 1940 Imperial Valley,
California (left) and CO2/064 ground motion recorded during the 1966 Parkfield, California (right) earthquakes.
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Figure 6: Time history response comparison of an undamped rocking column modeled in MATLAB with OpenSees.
The last row plots are time history records of Newhall/360 ground motion recorded during the 1994 Northridge,
California (left) and Takarazuka/000 ground motion recorded during the 1995 Kobe, Japan (right) earthquakes.
scale s, is the time from the peak acceleration of the wavelet to its first zero-crossing.
and the antisymmetric Ricker wavelet function is defined as:
ψ(t) =
ap
β
( 4pi2
3T 2p
− 3
) 2pit√
3Tp
e
− 1
2
4pi2t2
3T2p (20)
in which β is a factor equal to 1.3801 that enforces the expression given by equation (20) to have
a maximum equal to ap.
The results in Figure (7) show a perfect match between analytical results from MATLAB compared
to finite element results from OpenSees. Further more, the results under these pulses confirms the
use of HHT dissipative time-stepping integration procedure in order to simulate energy dissipation
of the rocking motion during the impact.
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6.3. Damped Model
Considering constitutive law of the viscous damper (14), the damper in the numerical model
can be defined as follows. To model the viscous dampers in OpenSees twoNodeLink elements are
used [52]. This two node link element is placed between two nodes, one at the side of the column
and the other one on the ground. The material which is located between this twoNodeLink element
is defined with Viscous material available in OpenSees [52]. To define this material one need the
damping coefficient (C) and the power factor (q in equation 14, which for the case of linear viscous
damper q = 1.0).
In this study, to define the damping factor, a viscous damper with similar viscous damping force
compared to ones that have been used in South Rangitikei Rail Bridge is used [15]. The dampers in
South Ringitikei Rail Bridge are torsianally yielding dampers that has been designed specifically to
Figure 7: Time history response comparison of an undamped rocking column modeled in MATLAB with OpenSees.
The last row plots are time history records of subjected to a symmetric Ricker wavelet with acceleration amplitude
(ap = 0.5g) (left) and antisymmetric Ricker wavelet with acceleration amplitude (ap = 0.5g) (right).
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be used for that bridge [10, 15]. The yield force from each torsionally yielding steel beam damper
is Fy = 450KN [15] therefore, the combined yield force from a pair of dampers is 2Fy = kduy =
2 × 450kN = 900kN . The equivalent viscous damping force compared to hysteretic damping
force can be calculated using the following equation [38]:
Cq =
kduy
(2bθ˙max)
q (21)
From time history analysis in Figures (5) and (6) the peak angular velocity (θ˙max) of the responses
are ranging from 0.11rad/s to 0.15rad/s. According to equation (21), for the pair of torsion-
ally yielding steel-beam dampers with yield capacity kduy = 900kN , the corresponding damping
constant C1 for linear viscous dampers (q = 1) is C1 = 900kN(2.0m)(0.13rad/sec) = 3461.5kNsec/m =
3461.5Mg/sec.
Figure (8) compares response of the solitary column when the linear viscous dampers with damp-
ing constant, C1 = 3461.5kNsec/m = 3461.5Mg/sec, are installed at its pivoting points. The
top figure is when the system is subjected to the Newhall/360 ground motion recorded during the
1994 Northridge, California and the one in the bottom is when it is subjected to the Takarazuka/000
ground motion recorded during the 1995 Kobe, Japan earthquakes. The results show that use of
dampers reduce the maximum rotation of the column and improves it energy dissipation effec-
tively. It is also clear from the results that the finite element model captures the behavior precisely
when it is compared to analytical results from MATLAB.
Figure (9) compares response of the solitary column when the linear viscous dampers with damp-
ing constant, C1 = 3461.5kNsec/m = 3461.5Mg/sec, are installed at its pivoting points. The top
figure is when the system is subjected to the symmetric Ricker wavelet and the one in the bottom is
when it is subjected to the Antisymmetric Ricker wavelet both with (ap = 0.5g). Similar to Figure
(8), results in Figure (9) shows similar trend that the maximum rotation is decreased and analytical
MATLAB model supports results from finite element OpenSees model.
7. Conclusions
The paper studies finite-element modeling of a solitary rocking column when it is damped at
its pivoting points with linear-viscous dampers.
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In first step, the paper derives the nonlinear equation of motion for the rocking column with viscous
dampers. Then, the finite-element model for the rocking column is defined in OpenSees using zero-
length fiber section with elastic-no-tension material. The energy dissipation of the rocking column
when it changes its pivoting point is modeled using Hilber-Hughes-Taylor numerical dissipative
time-step integration.
The finite element model for the solitary undamped rocking column is examined under different
earthquake and mathematical wavelet excitation. The results from this stage, confirms the accuracy
of the finite element model when it is compared to analytical results from MATLAB.
The paper also studied the force-displacement relationship of a viscous damper with a hysteretic
damper. The results of the force-displacement relation comparison of these two types of damping
devices, when they are used along with the rocking block, shows that for the case of the hysteretic
Figure 8: Time history response comparison of a rocking column with linear viscous dampers at its pivoting points with
damping constant C1 = 3461.5kNsec/m = 3461.5Mg/sec modeled in MATLAB with OpenSees. When subjected
to the Newhall/360 ground motion recorded during the 1994 Northridge, California (top) and Takarazuka/000 ground
motion recorded during the 1995 Kobe, Japan (bottom) earthquakes.
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Figure 9: Time history response comparison of a rocking column with linear viscous dampers at its pivoting points with
damping constant C1 = 3461.5kNsec/m modeled in MATLAB with OpenSees. When subjected to to a symmetric
Ricker wavelet (top) and antisymmetric Ricker wavelet with acceleration amplitude (ap = 0.5g) (bottom).
damper, the rocking block might experience a greater impact when it changes its pivoting point.
This happens because the moment from the hysteretic damping force adopts the same direction
as the moment of the self-weight of the block, when the rocking block is rotating back from its
maximum rotation to the ground. This phenomenon can cause a greater damage to the rocking-toes
and in some cases; it can amplify the responses of the damped block.
Lastly, the finite element model of the damped system is introduced and the results are matched
perfectly with analytical solutions. The study shows that the finite element model introduced, is
capable of predicting the behavior of rocking column when it is coupled with dampers with a great
accuracy and it can be used in various engineering problems like analyze of damped rocking bridge
piers or rocking walls when they are damped.
16
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